The microscopic polymer reference interaction site model theory is generalized and applied to study intermolecular pair correlation functions and collective structure factors of dense solutions and melts of spherical nanoparticles carrying a single tethered chain. The complex interplay of entropy ͑translational, conformational, and packing͒ and enthalpy ͑particle-particle attraction͒ leads to different structural arrangements with distinctive small and wide angle scattering signatures. Strong concentration fluctuations, indicative of aggregate formation and/or a tendency for microphase separation, occur as the total packing fraction and/or particle-particle attraction strength increase. In analogy with block copolymers, the microphase spinodal curve is estimated by extrapolation of the inverse of the amplitude of the small angle scattering peak. For nanoparticles that are twice the diameter of monomers, the microphase separation boundary spinodal occurs at higher particle-particle attraction strength ͑or lower temperature͒ as compared to the macrophase demixing curve for nanoparticles with no tethers when the packing fraction is below 0.45, while the opposite trend is observed above 0.45. Increasing nanoparticle diameter results in a reduction in the microphase spinodal temperature and a qualitative change in its packing fraction dependence.
I. INTRODUCTION
Over the past decade or two, scientists have created a litany of nanoscale objects 1 that can self-assemble into distinct nanostructures such as sheets, wires, and capsules. The resulting materials have potential applications in photonics and electronics, 2 energy storage, 3 chemical and biological sensors, 4 and drug delivery. 5 Tethered particles serve as a new class of building blocks for self-assembly and have been recently experimentally studied. It is now possible to graft nanometer and micron sized particles with a controlled number of synthetic polymer [6] [7] [8] or biopolymer 9, 10 ͑DNA and proteins͒ tethers. For example, tethered CdTe quantum dots, 7 10 nm gold nanocrystals with grafted oligonucleotides, 10 polyethylene oxide ͑PEO͒ end capped with a 1 nm hydrophobic C60 fullerene, 8 gold nanoparticles with a single tethered PEO chain, 11 and PEO-tethered polyhedral oligomeric silsesquioxanes, 12 have been created and their assembly studied under a variety of thermal, solvent, and concentration conditions.
Computer simulation [13] [14] [15] [16] [17] [18] and coarse-grained theory 19, 20 have been employed to investigate the ordering in systems containing tethered particles. Self-consistent mean field theory calculations 19 for a melt of tadpole-like molecules ͑a single polymer chain attached to a solid nanoscopic headgroup͒ predicts an order-disorder phase transition into a hexagonally closed packed morphology, which is in contrast to a compositionally similar diblock copolymer system which forms a lamellar phase. Glotzer and co-workers have used computer simulations to study the assembly of tethered nanospheres, 17, 18 nanorods, 16 nanocubes, 15 and nanodisks 14 into a variety of morphologies including lamellar, icosahedral, and hexagonal packed cylinders. The ordered phase symmetry depends on many factors such as particle shape and size, number of tethers, tether chemistry, tether length, and intermolecular interactions.
In this work, we generalize and apply the microscopic polymer reference interaction site model ͑PRISM͒ theory [21] [22] [23] [24] to study dense solutions and melts of spherical nanoparticles grafted with a fixed number of flexible polymer chains. Our interest in these systems is at least threefold: ͑i͒ As concentrated suspensions or melts with new equilibrium structural organizations, ͑ii͒ as potentially novel filler particles for polymer nanocomposites, and ͑iii͒ as a class of hybrid particle-polymer objects that may display unusual vitrification and gelation behavior and mechanical properties. The focus of this initial study is the simplest single tether chain case. The role of tether length, particle size, total packing fraction, and particle-particle attraction strength on the real space statistical structure and scattering patterns, and the tendency toward microphase separation, are systematically studied.
The advantage of using theory is that it is computationally less demanding, which is especially important for systems at high volume fractions that are our primary interest. PRISM theory provides all the intermolecular pair correlation functions and the partial collective structure factors accessible to scattering experiments. It also yields the very high wave vector correlation function information which is the critical input to modern dynamical theories of nonequilibrium arrest and solid elastic properties. 25, 26 Of course, simulations have the powerful advantage of being able to predict and visualize ordered phases in contrast to homogeneous phase PRISM theory, which describes only a generic tendency for microphase separation. This limitation can potentially be relaxed by combining liquid state structural information with thermodynamic density functional methods, 25, 27 a topic that is beyond the scope of this study. The theory is not limited to the single tether case and a detailed study of multi-tethered systems, including the role of variable placement of a fixed number of tethers on the nanoparticle surface, will be presented in a future publication. Despite the seeming simplicity of the one tether plus sticky nanoparticle system, a rich physics emerges due to competing entropic and enthalpic effects and asymmetric excluded volume interactions. For example, the polymermediated entropic depletion attraction between spheres is operative but competes with steric stabilization due to tethertether repulsion. Direct nanoparticle attractions favor particle clustering and assembly in a manner that can be strongly modified by the attached chain. Moreover, the direct nanoparticle attraction can, in principle, induce either macrophase or microphase separation.
In Sec. II, we discuss the model and theory. In Sec. III, athermal systems controlled entirely by entropy are studied. Section IV presents structural results for thermal systems of attractive nanoparticles, and also studies the tendency for microphase separation as a function of temperature, nanoparticle size, concentration, and tether length. The paper concludes in Sec. V with a discussion and future outlook.
II. MODEL AND THEORY

A. Model and interaction potentials
The polymers are treated as freely jointed chains ͑FJC͒ of N spherical interaction sites ͑monomers͒ of diameter d connected by a rigid bond of length l = 1.4d ͑a typical persistence length͒, where d ϵ 1 is the unit of length used throughout the paper. This choice of FJC bond and persistence length is consistent with the classic tangent bead model ͑l = d͒, where the intrachain excluded volume repulsions result in local chain expansion and a persistence length of 1.4d under concentrated solution and melt conditions. 28, 29 The FJC tethers are grafted on nanoparticles which are modeled as rigid spheres of diameter D =2R. A schematic is shown in Fig. 1 . The total fluid packing fraction is .
The pair decomposable interactions between monomers U pp , and monomers and particles U pc , are hard core. The interactions between hard nanoparticles, U cc , beyond contact is taken to be the attractive branch of the colloid LennardJones ͑CLJ͒ potential. 30 The CLJ potential describes the interaction between two nanospheres as a pairwise sum over LJ potentials between elementary units of size b. The discrete sums are converted to volume integrals corresponding to adopting a continuous distribution of the elementary units. The inclusion of, and integration over, the repulsive portion of the LJ potential avoids any unphysical divergence of the attractive interactions when the two particles are in contact. An example of the CLJ potential for D / b = 2 is shown in Fig. 1 , and is compared to its standard LJ analog, and the shifted LJ-like potential employed in a recent simulation study of single tethered nanoparticles.
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B. Polymer reference interaction site model theory
PRISM theory describes well the structure of both suspensions and dense melts composed of hard spherical particles and linear chains. 24, [31] [32] [33] The theory consists of a matrix of Ornstein-Zernike-like or Chandler-Andersen integral equations 34 that relate the total site-site intermolecular pair correlation function between different sites, h ij ͑r͒ = g ij ͑r͒ −1, to the intermolecular direct correlation function C ij ͑r͒, and intramolecular probability distribution functions ij ͑r͒. For a one-component system composed of molecules of an arbitrary number of symmetry inequivalent sites, the matrix PRISM equations in Fourier space are
where
Here, N i is the number of interaction sites of type i of a molecule, i is the corresponding site density, and is the molecular number density. We ignore ͑preaverage͒ chain ends effects as in prior applications of PRISM theory to homopolymers, 21, 22, 28 polymer nanocomposites, 24, 31, 32 and block copolymers. 23, 35, 36 Hence, our tethered nanoparticle system contains two types of sites, monomer ͑subscript p͒, and nanoparticles ͑subscript c͒.
The intramolecular structure factors for a single polymer tethered nanoparticle with N ͑monomer͒ and 1 nanoparticle sites are cc ͑k͒ = 1, ͑3͒ 
͑5͒
Nonideal conformational perturbations are ignored. In principle, they can be treated using the fully self-consistent version of PRISM theory which involves the construction of a medium-induced solvation potential and solution of an effective single-chain problem via Monte Carlo simulation. 22 This would likely be important if the packing fraction were very low ͑global chain swelling͒, or if tethers attracted each other and/or the nanoparticle. However, in this study, our focus is high packing fractions and polymer-related attractions are not present, conditions for which conformational nonidealities are likely minimal. Explicit equations for the total intermolecular pair correlation functions and partial collective structure factors in Fourier space are given in Ref. 23 .
To solve the PRISM equations requires closure relations. The site-site Percus-Yevick ͑PY͒ closure 21, 22, 32, 34 is quite accurate for monomer-monomer and monomer-particle direct correlation functions. However, for dilute spheres in a dense homopolymer matrix, nonlocal effects associated with a large particle to monomer diameter ratio, D / d, are important. A good closure for the particle-particle direct correlation function has been shown to be the hypernetted chain ͑HNC͒ approximation, 32 which ensures the physical condition g cc ͑r͒ Ͼ 0 holds for all r. However, we note that for the ratios D / d = 2 and 3 studied in this paper, the results based on using the HNC and PY closures show little difference. If ij is the distance of closest approach between sites of type i and j, the hard core impenetrability conditions are
Outside the hard core, the site-site PY approximation 21, 22, 24, 34 for the polymer-polymer and polymer-particle direct correlations is
and the HNC closure 24,25 for particle-particle direct correlation is
Previous work on polymer nanocomposites 24, 31, 32 has demonstrated that PRISM theory with the above closures accurately captures all features of the polymer-induced interaction of two nanoparticles in concentrated solutions and melts. To efficiently solve the three coupled nonlinear integral equations, we employ the Kinsol algorithm. 37 The dimensionless isothermal compressibility S 0 quantifies the amplitude of long wavelength total density fluctuations 22, 28 and is given by
c + p .
͑9͒
The particle potential of mean force ͑PMF͒ W cc ͑r͒ is also of interest,
C. System parameters
The system parameters are polymer tether degree of polymerization N, ratio of particle-to-monomer diameter D / d, total packing fraction , and particle-particle attraction strength in units of the thermal energy cc . The persistence length is fixed at 1.4d and the CLJ potential length b = d. Most calculations are for N = 8 and D / d = 2 and 3. The total packing fraction is varied from 0.05 to 0.6, and cc from 0 ͑athermal͒ to 5 kT.
III. ATHERMAL SYSTEMS
In the purely entropic limit, the nanoparticles are hard spheres. Excluded volume induced depletion attraction and steric stabilization effects compete in the absence of energetic biases. All calculations are for N = 8 unless otherwise noted. like ordering, but strong entropy-driven segregation on the macromolecular scale clearly does not occur. The amplitude of S pp ͑k * ͒ is a nonmonotonic function of packing fraction. This trend derives mainly from the strongly decreasing amplitude at very low wave vectors, associated with reduced compressibility as increases. There is also the expected increase in intensity and wave vector of the wide angle "local cage" peaks in S cc ͑k͒ and S pp ͑k͒ due to tighter and more coherent packing of nanoparticles and monomers.
The real space intermolecular analogs of the structure factors in Figure 2 are shown in Fig. 3 . As packing fraction increases g cc ͑r͒ and g pp ͑r͒ at contact grow strongly. At the highest packing fractions, small peaks at r / D = 1.5 and 2 emerge in g cc ͑r͒, as more clearly seen from the ͑r / D͒ 2 h cc ͑r͒ plots in the inset. A peak at r / D = 1.5 corresponds to two particles separated by a single monomer, while the peak at r / D = 2 indicates two particles separated by one other particle. The inset of Fig. 3͑b͒ shows a dramatic "filling in" of the correlation hole feature of the monomer-monomer radial distribution function ͓g pp ͑r͔͒ with increasing . Moreover, rather long-range oscillations emerge due to the enhanced ordering of the particles, which induces tether segments to be strongly correlated in space. Figure 4͑a͒ presents the nanoparticle potential of mean force W cc ͑r͒, which evolves from a weakly repulsive form at low to a moderately attractive and oscillatory form at high . The oscillations are not regular as found when hard spheres are dissolved in unattached homopolymers, 31, 32 which reflects the chemical bonding constraints of the grafted chains. The intermolecular cross-correlation function g pc ͑r͒ ͓Fig. 4͑b͔͒ is oscillatory due to layering of monomers near the nanoparticles.
To place our variable packing fraction results in perspective the inverse dimensionless compressibility of several systems are presented in Fig. 5 . The behavior is similar for different attraction strengths including the athermal limit. The typical value of 1 / S 0 for real homopolymer melts is ϳ5 -10. 22, 28 By this metric, meltlike conditions are mimicked for ϳ 0.35-0.45.
We now briefly consider the role of tether chain length N under athermal conditions. Obviously, if all variables are fixed, then increasing N dilutes the effect of the nanoparticle and homopolymer-like packing will occur. In Fig. 6 , partial structure factor and radial distribution function results are shown for D / d = 2 and N = 8, 10, 50, 100, and 200 at fixed = 0.3. As N increases, the wide angle peak in S cc ͑k͒ disappears and small wave vector fluctuations are dramatically enhanced. Also, as tether length grows, the magnitude of the monomer cage peak in S pp ͑k͒ slightly increases, while its ͑weak͒ small angle microphase analog decreases and shifts to lower wave vector. For the long tethers ͑N = 50, 100, and 200͒, there is a sharp peak at contact in g cc ͑r͒ ͓Fig. 6͑c͔͒, followed by a correlation hole, corresponding to a long tail where g cc ͑r͒ Ͻ 1, that persists to r ϳ 8D. Hence, the potential of mean force W cc ͑r͒ for nanoparticles with long tethers are attractive near contact but ͑weakly͒ repulsive at larger separations. In contrast, for short tethers ͑N = 8 and 10͒, a sharp peak at contact ͓Fig. 8͑c͔͒ is followed by g cc ͑r͒ Ͻ 1 for 1.5 Ͻ r / D Ͻ 2, and at r / D = 2 bulk-like behavior is attained. Figure 6͑d͒ shows more polymer surrounds nanoparticles for the long tether systems, as indicated in g pc ͑r͒ ͑inset͒, and a longer correlation hole in g pp ͑r͒ occurs.
IV. EFFECT OF PARTICLE-PARTICLE ATTRACTIONS, TETHER LENGTH, AND PARTICLE SIZE
We now consider the N = 8 tether system in the presence of a direct particle-particle attractions of variable strength cc ͑units of kT͒. The initial focus is the concentrated solution or melt-like packing fraction of = 0.30. The direct attraction between the particles can potentially induce macrophase separation, or strong aggregate formation and subsequent microphase type ordering. In analogy with block copolymer assembly in solution and the melt, 38 the latter situation can be viewed as indicating large concentration fluctuations 39 and perhaps a hierarchical assembly, where relatively small aggregates or micelles first form, which then organize themselves as a highly correlated liquid. 40, 41 As true for the experimental analysis of scattering curves, the theory is limited in the level of spatial organization that can be deduced based on ensemble-averaged pair correlation functions. However, the theory does provide all three real and Fourier space correlations functions over all length scales. Nevertheless, a unique separation of the pair correlations into intra-aggregate and inter-aggregate contributions remains problematic.
A. Scattering patterns and real space correlations
Figures 7 and 8 present the partial structure factors and radial distribution functions, respectively, for increasing cc at fixed = 0.3. As the particle attraction increases from zero to 2.8 kT, a low angle microphase-like peak at a finite wave vector k * emerges in both S cc ͑k͒ and S pp ͑k͒, which grows sharply in amplitude and shifts to smaller values. At the highest ͑lowest͒ degree of attraction ͑reduced temperature͒ studied, the microphase ordering wave vector is k * D = 1.2 for S cc ͑k͒ and k * d = 0.6 for S pp ͑k͒, which is essentially the same k * for both partial structure factors since D =2d. The presence of a small angle peak of S cc ͑k͒ and S pp ͑k͒ at the same wave vector is reminiscent of the standard incompressible random phase ͑IRPA͒ approximation used extensively for block copolymers. 38 However, in contrast to the IRPA the amplitudes of the p-p and c-c peaks are very different at low temperatures. This reflects the compressible nature of our fluid model and the high structural asymmetry between nanoparticles and the polymer tether. Indeed, as discussed in Sec. IV E, the near equality of the position of the small angle peaks in Fig. 7 appears to be accidental since it does not occur for a larger nanoparticle of D / d = 3. Moreover, the IRPA approach is based on an empirical Flory -parameter and predicts that the location of a microphase peak is temperature independent. This behavior is in strong contrast to the results in Fig. 7 and prior PRISM studies of block copolymers. 22, 23, 35, 42 Since the microphase peak reflects collective concentration fluctuations and mesoscale order driven by intermolecular attractions and physical clustering, its location shifts to smaller values ͑longer characteristic length scale͒ with cooling. The low temperature peak of S cc ͑k͒ and S pp ͑k͒ at k * D = 1.2 corresponds to a real space periodicity of ϳ5.2D. To interpret this length, we note the size of the molecule, as estimated from the sum of the nanoparticle diameter plus twice the radius of gyration of the polymer tether, is approximately 2.6D ͑see Fig. 1͒ . Hence, the microphase periodicity length is twice the size of the tethered nanoparticle. As k → 0, the particle concentration fluctuations are very small for all degrees of attraction, while the polymer analog increases modestly with cc . The high wave vector region of S cc ͑k͒ reflects local cage scale packing, which significantly changes with increasing cc . Specifically, the position of the wide angle peak of S cc ͑k͒ shifts to higher wave vectors ͑tighter packing͒ and increases in intensity as cc increases. These trends imply a local densification and enhanced ordering of the nanoparticle part of the molecule. On the other hand, the local monomer cage peak observed in S pp ͑k͒ is essentially independent of degree of particle attraction. Overall, these Fourier space trends suggest that as cc increases, the particles strongly cluster, while the local monomer packing remains relatively unaffected.
The three real space site-site pair correlation functions shown in Fig. 8 reinforce the interpretation based on structure factors. The particle radial distribution function at contact strongly grows from ϳ2 to 10 as cc increases. Moreover, long-range oscillatory order emerges, as seen in the inset of Fig. 8͑a͒ , which plots the change in g cc ͑r͒ with attraction strength. On local scales the polymer packing is very weakly affected by particle clustering ͓Fig. 8͑b͔͒. However, the inset does demonstrate that long-range oscillatory structural rearrangements are present, which reflect an "imprinting" of the particle microphase type of organization on the monomer structure. The monomer-particle correlations ͓Fig. 8͑c͔͒ show a reduction in local intermolecular contacts as cc increases, consistent with the formation of a particle aggregate where the polymer tethers emanate outwards from the cluster.
To briefly address the role of tether length, Fig. 9 presents structural results for N = 100 at variable particle-particle attraction strengths. As cc increases, a small angle peak develops in both S cc ͑k͒ and S pp ͑k͒. In the athermal limit, although the peaks are relatively small, the qualitative behavior of S cc ͑k͒ and S pp ͑k͒ for tether length N = 100 are similar to that for N = 8 in Fig. 7 . For cc Ͼ 0 attractive particles, the intensity of the small angle peak in S cc ͑k͒ for N = 100 ͓Fig. 9͑a͔͒ is slightly higher than that for N =8 ͓Fig. 7͑a͔͒. This suggests that increasing tether length enhances the tendency of particles to cluster. This trend is also seen in the real space pair correlation functions g cc ͑r͒; the contact value of g cc ͑r͒ for N = 100 ͓Fig. 9͑c͔͒ is slightly higher than that for N =8 ͓Fig. 8͑a͔͒ when compared at fixed cc . However, in contrast to g cc ͑r͒ for N = 8, for N = 100, there are no additional peaks at any other separations in g cc ͑r͒. This suggests that increasing tether length enhances local particle clustering, but perhaps decreases the size of the clusters. Qualitatively, the g pp ͑r͒ and g pc ͑r͒ for N = 100 in Fig. 9͑d͒ are similar to those for N =8.
B. Aggregation and mesoscale ordering
In an attempt to deepen the understanding of aggregate formation and microphase-like ordering, we compute for the N = 8 tether system the number of nearest neighbors or coordination number ͑CN͒ of a particle as a function of cc . This quantity can also be viewed as a measure of molecular aggregation number, and is given by
where c is the particle site density, r1=D, and r2 is the location of the first minimum of g cc ͑r͒. Results are shown in Fig. 10 for a range of packing fractions. The coordination number increases nonlinearly with cc in a qualitatively similar manner for all . At the highest packing fraction, = 0.5, CN approaches 8 at the largest value of cc for which solutions of the integral equations could be obtained. For all volume fractions, we find ͑not plotted͒ that at the highest degree of attraction the microphase-like periodicity deduced from S cc ͑k * ͒ is ϳ5.2D, about twice the molecule size. The suggested, but speculative, physical picture is that compact clusters form, consisting of a particle core and a tether corona, which organize as a correlated liquid characterized by a constant length scale of ϳ5.2D. Using computer simulations on a similar D / d = 2 single tethered nanoparticle system Iacovella et al. found a strong tendency for partial icosahedral arrangement of the particles with a tether corona.
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C. Apparent microphase transition
PRISM theory describes correlated and spatially segregated, but globally homogeneous, fluid states. It is not a mean field theory and includes concentration fluctuations on all length scales. Hence, literal spinodal instabilities at finite wave vectors ͑structure factor divergences at k * ͒ are not predicted. 23, 35, 36, 42 However, in extensive prior applications of the theory to diblock 22, 23, 35, 36, 42, 43 and multiblock 44 copolymers, an analysis of small angle scattering profiles was proposed which allows a useful estimate of a microphase separation transition in the sense of an extrapolated spinodal instability. A nonrigorous, but physically reasonable, approach for estimating the order-disorder transition was also developed and successfully applied to small angle neutron scattering measurements on diblock copolymers. 36, 43 This prior work motivates us to analyze the present systems in an analogous manner.
The rapidly growing and sharp peak at a finite wave vector ͑k * 0͒ of S cc ͑k͒ and S pp ͑k͒ suggests that the system is approaching a microphase separation transition. Alternatively, a sharp increase at k * = 0 indicates macrophase demixing. In polymer ͑mean͒ field theories and experimental scattering analyses, the quantity 1 / S cc ͑k * ͒ is taken as the order parameter which would vanish at a literal spinodal instability. 38, 41 In Fig. 11͑a͒ , we plot this microphase order parameter as a function of cc for various packing fractions for nanoparticles of size D / d = 2 and tether chain length N = 8. An apparent spinodal, and the corresponding value of cc , is estimated via linear extrapolation of the 1 / S cc ͑k * ͒ vs cc plot. Note that essentially all the curves in Fig. 11 size D / d = 2 at a packing fraction = 0.30 and particle-particle attraction strengths 0.0 kT ͑solid line͒, 1.0 kT ͑circle-solid line͒, 2.0 kT ͑dashed line͒, and 2.8 kT ͑dotted line͒.
linear region at high and intermediate temperatures, but "bend up" at high cc ͑low temperatures͒. The latter nonmean field trend indicates the onset of strong concentration fluctuations and destruction of a spinodal instability at nonzero wave vector as discussed for block copolymers. 22, 39, 43 The linear extrapolations ͑shown as the dotted lines͒ are performed "by eye" in Fig. 11 . Obviously, there is a degree of arbitrariness in the analysis, but one test of its sensibility is to extract a spinodal cc * from both the particle and polymer collective structure factors. The deduced values from the particle ͑polymer͒ peak intensities are: 2.9 ͑4.3͒, 2.5 ͑2.9͒, and 2.2 ͑2.1͒ for = 0.3, 0.4, and 0.5, respectively. An excellent degree of consistency applies at the highest , but monotonically lessens as decreases. This is perhaps expected, given that the system compressibility increases significantly with decreasing packing fraction, which, in turn, promotes deviations between S cc ͑k͒ and S pp ͑k͒ at small wave vectors.
Moreover, at lower the degree of extrapolation of 1 / S cc ͑k͒ to zero is shorter than its 1 / S pp ͑k͒ analog, and thus we expect the deduced location of the microphase spinodal temperature based on S cc ͑k͒ to be more reliable. We also obtain a value of cc corresponding to the Verlet-Hansen ͑empirical͒ "rule" 25 which correlates a first order freezing transition of simple liquids with a critical value of the primary ordering peak of S cc ͑k * ͒ = 2.85. The applicability of this rule for the tethered particle system is unknown, but we believe examining the consequences of adopting it is of interest. Figure 12͑a͒ plots the spinodal cc * and its Verlet-Hansen analog, based on S cc ͑k * ͒, as a function of packing fraction. The Verlet-Hansen curve lies below ͑higher temperature͒ the spinodal curve, which is at least consistent with the idea the Verlet-Hansen criterion is an indication of a first order phase transition. The corresponding reduced temperature representation is shown in Fig. 12͑b͒ . As expected, the microphase spinodal temperature increases with packing fraction, but not in the simple linear manner of the mean field "dilution approximation" discussed in the context of block copolymer assembly. 45 Empirically, we find T * ϰ 0.38 provides a reasonable fit of our results, which is far weaker that the experimental behavior of diblock copolymers in good ͑athermal͒ FIG. 9 . ͑Color online͒ ͑a͒ S cc ͑k͒, ͑b͒ S pp ͑k͒, ͑c͒ g cc ͑r͒ and W cc ͑r͒ ͑inset͒, and ͑d͒ g pp ͑r͒ and g pc ͑r͒ ͑inset͒ for tether length N = 100 and nanoparticle size D / d = 2, packing fraction = 0.30 and particle-particle attraction strengths 0.0 kT ͑solid line͒, 1.0 kT ͑circle-solid line͒, and 1.8 kT ͑dashed line͒.
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solvents, 45 where T ODT ϰ 1.6 . This very different dependence on packing fraction is perhaps not surprising given the large excluded volume asymmetry of the tethered nanosphere compared to a diblock copolymer composed of linear chains.
D. Comparison with the liquid-vapor transition and a microphase ordering simulation
We have compared the microphase spinodal curves ͑ cc * ͒ of tethered nanoparticle fluids to the liquid-gas demixing spinodal of a particle with no tether ͑ cc-no-tether ͒. For a system of bare sticky spheres with no tethers, S cc ͑k * → 0͒ diverges corresponding to macrophase separation at cc-no-tether . Comparing cc * and cc-no tether in Fig. 12͑a͒ , one sees that for Ͻ 0.4, the microphase demixing boundary lies above its macrophase analog. This implies that upon increasing ͑low-ering͒, particle-particle attraction ͑temperature͒, the bare sticky particles with no tethers macrophase separate more easily than the nanoparticles with tethers microphase separate. For Ͼ 0.4, the cc * curve lies below the cc-no tether curve. This reflects suppression of total density fluctuations at high , and the fact that the critical point of the macrophase separation transition is at a relatively low volume fraction. The latter is in contrast with the microphase separation phenomenon, which is expected to become easier ͑smaller cc * ͒ with increasing .
It is of some interest to contrast our liquid-gas spinodal curve ͑ cc-no tether ͒ based on the CLJ potential with the classic LJ system. 25 From Fig. 12 , one sees the critical packing fraction of the CLJ fluid is ϳ0.2, which is rather close to its LJ analog of c = c 3 / 6 ϳ 0.17. Fig. 12 . Note that Fig. 1 demonstrates that the shape of the potentials employed in the theory and simulation are very similar but not identical. As seen from Fig. 12 , the dependence of the simulation first order phase transition boundary on total packing fraction is quite similar to our theoretical results. Even the numerical values are close, especially at the highest packing fraction of primary interest. However, the temperatures are nondimensionalized by the characteristic energy scale of the different attractive potentials ͑ cc and sim ͒, and hence, a ͑semi͒ quantitative comparison requires a correction for the moderately different forms of the potentials. To address this, we again adopt the van der Waals mapping idea of matching the integrated at- tractive potential strengths, and ignore the ͑small͒ difference between D and the shifted LJ parameter. The CLJ to shifted-LJ integrated strength ratio is then found to be 1.2 cc / sim , suggesting a mapping of 1.2 cc = sim . Expressing T sim * ͑=1 / sim * ͒ in Fig. 12͑b͒ in units of cc ͑ϳ1 / T cc ͒ then implies, T cc * / T sim * = 1.2. To within the inevitable imprecision of such a comparison, the theory predicts ordering at slightly higher temperature at low , and at a slightly lower temperature at high packing fraction, as compared to simulations. The deviations between theory and simulation are of the order of Ϯ15%. Given the differences associated with the chain model and intermolecular potentials between the theory and simulation, and how a microphase transition is defined in the theory, such modest deviations are surprising. However, this should not be viewed as a definitive test of the quantitative accuracy of our theory but rather as an indication of its qualitative and semi-quantitative sensibility.
E. Effect of particle size
For hard spheres dissolved in a homopolymer melt, the depletion attraction at contact gets stronger in roughly a linear manner with the D / d ratio. 24, 31, 32 However, for tethered systems, if the sticky particle diameter increases at fixed number of tethers, then the consequences of grafting ͑e.g., steric stabilization͒ will be diminished and the propensity for macrophase separation enhanced.
Calculations of partial structure factors and radial distribution functions for a D / d = 3 system have been performed and compared to the D / d = 2 analogs for N = 8 and = 0.3 as a function of particle-particle attraction strength ͑Fig. 13͒. As cc increases from zero to 3.8 kT, the microphase peak of S cc ͑k͒ increases sharply, while changes in S pp ͑k͒ are much less. In addition, the k = 0 polymer and particle concentration fluctuation amplitudes now increase with the degree of attraction, reflecting the reduced steric shielding of the larger sticky particle by its tether. The wide-angle cage peaks respond in a qualitatively similar manner as their D / d = 2 analogs in Fig. 7 . At cc = 3.8 kT, the small angle peak position in S cc ͑k͒ ͑k * D = 1.2͒ corresponds to a periodicity of 2 / k * Ϸ 5.2D, which is 2.5 times the size of the molecule. It is important to note that unlike the D / d = 2 system, the k * of S cc ͑k͒ and S pp ͑k͒ are not equal. Figure 13͑b͒ shows that the mesoscale polymer ordering length scale is significantly larger than its nanoparticle analog. of the particles with no tether ͓Fig. 12͑b͔͒. These differences reflect the decreased grafted chain mediated driving force for microphase ordering and enhanced tendency for macrophase separation for the larger nanoparticle system. This phenomenon seems qualitatively analogous to the behavior of surfactant solutions, where increasing the volume of the aggregating part of the surfactant molecule decreases the tendency for micellization ͑analog of microphase separation͒ and increases the tendency for macrophase separation. 48 However, it is important to note that surfactants rarely have a molecular structure where the ratio of excluded volume of the aggregating to nonaggregating species is as large as for our D / d = 3 and N = 8 tethered particle. 
F. Potential of mean force at contact
Finally, equilibrium clustering and microphase separation require intermolecular attractions. A ubiquitous phenomenon for particle systems is the possible formation of a nonequilibrium state, e.g., a gel, which could pre-empt equilibrium self-assembly. To qualitatively address this issue, Table I presents values of the particle potential of mean force ͑PMF͒ at contact, W cc ͑r = D͒, for the D / d = 2 and 3 systems at the cc values closest to the deduced microphase spinodal. For all cases, W cc ͑r = D͒ lie in the range of 2 -3 kT attraction. A common "rule of thumb" for gelation is an attractive PMF at contact in the range of 3 -4 kT, 49 which also follows from the dynamic mode coupling theory. 50 Since we locate the microphase ordering transition only via an extrapolation, and the W cc contact attractions are close to the likely critical value for gelation, one can only conclude the situation is marginal and kinetic arrest effects could play a role.
V. SUMMARY AND DISCUSSION
We have applied the microscopic polymer reference interaction site model theory to study intermolecular pair correlation functions, collective structure factors, cluster formation, and the tendency for microphase separation of dense solutions and melts of spherical nanoparticles carrying a single tethered chain. The role of total packing fraction and interparticle attraction strength for particle-to-monomer diameter ratios of 2 and 3, with a single tether of a degree of polymerization eight, has been studied in depth. A complex interplay of entropy ͑translational, conformational, and packing͒ and enthalpy ͑particle-particle attraction͒ is found which results in different structural arrangements with distinctive small and wide-angle scattering signatures.
In the athermal purely entropic limit, opposing depletion and steric stabilization effects compete. Only a very weak precursor of microphase ordering occurs with increasing packing fraction. The nanoparticle potential-of-mean force evolves from a weakly repulsive form at low packing fractions to a moderately attractive and complex oscillatory form at higher packing fractions ͑Fig. 4͒. Dramatic changes in the correlation hole region of monomer-monomer pair correlations emerge at high volume fractions corresponding to longrange oscillations imprinted on the polymer segments due to enhanced ordering of the attached nanoparticles ͓Fig. 3͑b͔͒.
With increasing direct nanoparticle attraction strength, local clustering of particles, and large concentration fluctuations on the macromolecular scale, simultaneously emerge ͑Figs. 7 and 8͒. This indicates aggregate formation where particles cluster into compact objects with the polymer tethers emanating outwards. The aggregates then organize at a higher level as a correlated liquid with an intense small angle peak characterized by a periodicity of roughly twice the object size when the particle-to-monomer diameter ratio D / d = 2. The small angle scattering peaks were taken as microphase order parameters and a mean-field inspired analysis was adopted to deduce an extrapolated microphase spinodal temperature T * ͑Figs. 11 and 12͒. As expected, T * monotonically increases with packing fraction, but in a manner very different from the experimental or simple dilution model behavior in self-assembling diblock copolymer solutions. 45 For a larger nanoparticle of D / d =3, T * is lowered relative to the D / d = 2 analogs and becomes nearly independent of packing fraction at high concentrations ͑Figs. 13 and 14͒. This remarkably different behavior reflects the decreased grafted chain mediated driving force for microphase ordering and the enhanced tendency for macrophase separation. The attractive potential of mean force at contact at low temperatures was found to be roughly 2 -3 kT, a magnitude that is marginal with respect to the anticipated value that could trigger the formation of nonequilibrium gels.
The theory is based on specific closure approximations and the assumption of chain conformational ideality. In Sec. IV D, we compared our microphase spinodal calculations for the D / d = 2 systems to a recent simulation. 18 The agreement is surprisingly good. However, there are ambiguities involving the different forms of the attractive potentials employed, and the fact that our treatment of microphase ordering is based on an extrapolated spinodal. Clearly, it is desirable to confront the structural predictions of the theory directly against simulations for the same model, and efforts in this direction are planned. 51 The theoretical approach is general and is not limited to the single tether case. A detailed study of multi-tethered systems, including the role of variable placement of a fixed number of tethers on the nanoparticle surface, will be presented in a future publication. Our approach can also be applied to systems where the tethers attract each other and/or the nanoparticle. Of course, careful consideration of the proper closure approximation is required, along with the potential complication of strong nonideal conformational effects. Another direction of ongoing work is the structure and phase behavior of mixtures of homopolymers and tethered nanoparticles as a novel class of polymer nanocomposites. Finally, the ability of PRISM theory to compute intermolecular pair correlations, especially at small distance or large wave vectors, raises the possibility of addressing dynamical phenomena such as glass and gel formation within the framework of mode coupling 26, 50 and beyond 52 statistical dynamical approaches.
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